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Abstract

Variational Bayes (VB) methods have emerged as a fast and computationally-efficient alternative
to Markov chain Monte Carlo (MCMC) methods for Bayesian estimation of mixed logit models.
In this paper, we derive a VB method for posterior inference in mixed multinomial logit
models with unobserved inter- and intra-individual heterogeneity. The proposed VB method is
benchmarked against MCMC in a simulation study. The results suggest that VB is substantially
faster than MCMC but also noticeably less accurate, because the mean-field assumption of VB is
too restrictive. Future research should thus focus on enhancing the expressiveness and flexibility
of the variational approximation.
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1 Introduction

The representation of taste heterogeneity is a principal concern of discrete choice analysis, as
information on the distribution of tastes is critical for demand forecasting, welfare analysis
and market segmentation. From the analyst’s perspective, taste variation is often random, as
differences in sensitivities cannot be related to observed or observable characteristics of the

decision-maker or features of the choice context.

powerful framework to account for unobserved taste heterogeneity in discrete choice models.
When longitudinal choice data are analysed with the help of random utility models, it is standard

practice to assume that tastes vary randomly across decision-makers but not across replications

giczny, 2015). A straightforward way to accommodate unobserved inter- and intra-individual
heterogeneity in mixed random utility models is to augment a mixed logit model with a multi-

variate normal mixing distribution in a hierarchical fashion such that case-specific parameters

subject to several bottlenecks, which inhibit their scalability to large datasets, namely i) long
computation times, ii) high storage costs for the posterior draws, iii) difficulties in assessing

convergence.
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have emerged as a fast and computationally-efficient alternative to MCMC methods for posterior
inference in discrete choice models. VB addresses the shortcomings of MCMC by re-casting
Bayesian inference into an optimisation problem in lieu of a sampling problem. Several studies

derive and assess VB methods for mixed logit models with only inter-individual heterogeneity

These studies establish that VB is substantially faster than MCMC at practically no compromises

in predictive accuracy.

Motivated by these recent advances in Bayesian estimation of discrete choice models, this
current paper has two objectives: First, we derive a VB method for posterior inference in mixed
logit models with unobserved inter- and intra-individual heterogeneity. Second, we benchmark
the VB method against MCMC in a simulation study.

We organise the remainder of this paper as follows. First, we give the formulation of a mixed
logit model with unobserved inter- and intra-individual heterogeneity. Then, we derive the VB
method for this model and benchmark the performance of this method against MCMC in a

simulation study. Finally, we conclude.

2 Model formulation

{1,...T,}, adecision-maker n € {1, ... N} derives utility U,;; = V(X,;;, B,;) + € from alternative
Jj in the set C,,. Here, V() denotes the representative utility, X,,,; is a row-vector of covariates,
B, 1s a collection of taste parameters, and €, is a stochastic disturbance. The assumption
€xj ~ Gumbel(0, 1) leads to a multinomial logit (MNL) kernel such that the probability that

decision-maker n chooses alternative j € C,,; on choice occasion ¢ is

exp {V(X.j. B,0)]
Zkecm eXp {V(Xntk,ﬁnz)} ’

P(ynt = lentj’ﬂm,) = (1)

where y,, € C,, captures the observed choice.

Note that the taste parameters f8,, are specified as being observation-specific. To allow for de-

pendence between replications for the same individual and to accomodate inter-individual taste
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tor for the mixed logit model. Under this specification, taste homogeneity across replications is
assumed such that8,, = B, V¢ =1,...,T,. To accomodate intra-individual taste heterogeneity
in addition to inter-individual taste heterogeneity, the taste vector B, , can be defined as a normal
perturbation around an individual-specific parameter g, i.e. B,, ~ N(u,,Ey)t = 1,...,T,,
where Xz 1s a covariance matrix. The distribution of individual-specific parameters y;. is also
assumed to be multivariate normal, i.e. g, ~ N({,Xp) forn = 1,..., N, where { is a mean vector

and Xp is a covariance matrix.

In a fully Bayesian setup, the parameters £, Xp, Xy are also considered to be random parameters

of parameter recovery.

Stated succinctly, the generative process of mixed logit model with inter- and intra-individual

heterogeneity is as follows:

11
agilApx ~ Gammal| -, — |, k=1,...,K, (2)
KB 2’ A2,
1
aWklAWk ~ Gamma ~, > ,k: 1,...,K, (3)
o 2 Ay
. T
Tplvs. ap ~ IW (vg + K — 1, 2vpdiag(ag)), ap=[ag ... agg] )
. T
Tylvw. ay ~ IW (vy + K — 1, 2vydiaglay)).  aw = [ay; ... awx] 5)
glfo, E‘O ~ N(fo, E‘O) (6)
M8, Ep ~N(, Xp),n=1,...,N, (7)
ﬂntlunaZW ~ N(lln’EW)’n = 1’~ o 9Nat = 17 .. "Tna (8)
yntlﬁma Xnt ~ MNL(ﬂm, an), n=1,...,.N,t=1,..., T,, (9)

where {£, Eo, Vg, vw, Ap.1:k, Aw1.x} are known hyper-parameters, and 6 = {ap, aw, Xp, Zw, &, l1.x Binva.T, }

is a collection of model parameters whose posterior distribution we wish to estimate.
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The generative process implies the following joint distribution of data and model parameters:

Ty

N
Py 0) = H ]—1[ P18, Xu) PB,iltt, Zw) ﬂP(p £, 25). .
= (10)

. -P({|§o, Eo)P(Xplwp, Bp)P(Xw|ww, Bw) l_[ P(aW,k|S, rW,k)P(aB,klsa rB,k)
k=1

1
2 b
rex = Al‘fk and ryy = A‘Wzk1 By Bayes’ rule, the posterior distribution of interest is then given by

where wp = vg + K — 1, By = 2vgdiag(ap), wy = vw + K — 1, By = 2vydiag(ay), s =

P(ylzN’a)

POy, y) = ———
(Oly:.n) P31, 0106

P(yi.x,0). (11)

Exact inference of this posterior distribution is not possible because the model evidence

1nference in the described model. While this method has been shown to perform reasonably
well, it is subject to the known limitations of MCMC. In the subsequent section, we derive a

VB method for scalable inference in mixed logit with unobserved inter- and intra-individual

Appendix A.

3 Variational Bayes estimation

3.1 Background

problem rather than a sampling problem. To describe the fundamental principles of mean-field
variational Bayes, we consider a generative model P(y, @) consisting of observed data y and
unknown parameters 6. Our goal is to learn the posterior distribution of 6, i.e. P(f|y). Variational

Bayesian inference aims at finding a variational distribution g(#) over the unknown parameters

ITo be clear, the following forms of the Gamma and inverse Wishart distributions are considered:

P(agls, ri) o a " exp(—rea),
wikt 1
o exp (—Etr (BQ_1>),

whereby Q and B are K X K positive-definite matrices.

P(Q|w,
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that is close to the exact posterior distribution. A computationally-convenient way to measure

the distance between two probability distributions is the Kullback-Leibler (KL) divergence

q(6)
P(8ly)

KL (¢(0)|1P(8ly)) = f ln( )q(ﬁ’)dx = E; {Ing(0)} — E, {In P(6ly)} . (12)

Consequently, the goal of variational inference is to solve

q"(0) = argmin {KL (¢(0)|P(6ly))} . (13)
q

Note that P(y) = I;@—(ﬁ. Hence,

KL (¢(@)[IP(y.6)) = KL (¢(O)IIP@ly)) - In P(y)
= E, {Inq(6)} — E, {In P(y,0))

(14)

The term E, {In P(y, 6)} — E, {In g(0)} is referred to as the evidence lower bound (ELBO). Thus,
minimizing the KL divergence between the approximate variational distribution and the in-
tractable exact posterior distribution is equivalent to maximizing the ELBO. The goal of VB can

therefore be re-formulated as follows:

q"(0) = arg max {ELBO(q)}
q

= argmax {E, {In P(y, )} - B, {Inq(6)}}
q

(15)

The functional form of the variational distribution g(#) remains to be chosen. We can appeal

distribution factorizes as g(6,.y) = ]_[fq‘;’:l q(6,,), where m € {1,..., M} indexes the model
parameters. The mean-field assumption breaks the dependence between the model parameters
by imposing mutual independence of the variational factors. It can be shown that the optimal
density of each variational factor is given by g*(6y) o« expE_gy, {In P(y, )}, i.e. the optimal
density of each variational factor is proportional to the exponentiated expectation of the logarithm

of the joint distribution of y and 6, where the expectation is taken with respect to all parameters

estimates of the other variational factors. Iterative updates with respect to each variational factor
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are performed by equating each of the variational factors to its respective optimal density, i.e.
we set g(0,,) = qg*(0,,) form=1,...,M.

3.2 Variational Bayes for mixed logit with unobserved inter- and
intra-individual heterogeneity

In the present application, we are interested in approximating the posterior distribution of

variational distribution. We posit a variational distribution from the mean-field family, i.e. the

variational distribution factorises as follows:

Tn

K N N
90 = | | a@snatana@na@na@ | |aw) [ ] | a®.0- (16)
k=1

n=1 n=1 =1
Recall that the optimal densities of the variational factors are given by g*(6;) « expE_y, {In P(y, 0)}.
We find that g"(aglcs, dpi), g"(awrlew, dwi), 4" (Zplwg, Op), " (Ewlww, Ow), ¢"({lps, Ey), and
q"(u,lm, ,X,,) are common probability distributions (see Appendix C). However, ¢*(8,,) is
not a member of recognizable family of distributions, because the MNL kernel does not have

a general conjugate prior. For simplicity and computational convenience, we assume that
q(B,) = Normal(ug ,Xg ) forallnefl,... ,Njte{l,....,T,}.

The ELBO is maximized using an iterative coordinate ascent algorithm. Iterative updates
of g(agk), q(awx), qZp), q(Zw), q({), and g(u,) are performed by equating each variational
factor to its respective optimal distribution g*(agx), ¢*(awx), ¢ (Zs), ¢*Ew), ¢"({), and g*(u,,),
respectively. Then, updates for the nonconjugate variational factor g(B,,) are performed with the

nonconjugate variational factors are obtained by maximizing the ELBO over the parameters of
the variational factor in QN methods, NCVMP translates this optimization problem into fixed

point updates:

%, = —[2 vec™ {Freecsy, ) (B (PO 1y, OD)))]

(17)
1y, = g, +Zp, |V, (By (I0(P(yx. )]

These updates involve E, (In(P(y,.y, #))) which does not have a closed-form expression due to

intractable expectation of the logsum of exponentials (E-LSE) term g,, = In [Z keC, exp(X,,,kﬁm)].
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method for posterior inference in MXL models with unobserved inter- and intra-individual

heterogeneity.

Initialization:
Set hyper-parameters: &,, Eo, Vg, Vw, Ap.1:x, Awi:k3
Provide starting values: u,, X, Hg, o g iz AB1K dWJ:K,uﬂkN, X

Coordinate ascent:

cp="55cw="F wy=vg+ N+ K- Liwy =vy+ S, T, + K- 1;
©; = 2vpding (%) + NE, + 3V, (S, + (,, — )0, —1)7):
Ow = 2vydiag (;Tvv‘;) + ZnNzl TnZ.U,, + ZnNzl ZtT:nl (Zﬁm + (ﬂﬁm - ”ﬂn)(”ﬂm - ”ﬂn)T);
while not converged do
Update pg , Xp, for Vn, Yt using equation 17;
-1
El"n = (WBQZ;I + TnWWG)%/l) Vn;
K, =Xy, (WBGEIIQ +ww Oy X, ”ﬂm) n;
-1
Z{ = (Eal +NWB®1_31) 5
_ —1 -1 N .
My =X (50 Eo+wpOp 2 ﬂ,ln)’
G)B = 2v3diag (;—IZ) + NZ{ + ZnNzl (Eﬂn + (ﬂ”n - ﬂ;)(ﬂ”n - ﬂg‘)T);
Oy = 2vydiag (%) + 2ol Toxy, + Tt ZtT:nl ():‘ Wt (g, — 1y, ) g, = ”ﬂn)T);
_ 1 -1 .
dB,k = ATB,k + WpVp (@B )kk Vk;

de = A+ + wwvw (@ﬁ/l) Vk,
> Wik kk

end

Algorithm 1: Pseudo-code representations of variational Bayes method for posterior inference

in MXL models with unobserved inter- and intra-individual heterogeneity

4 Simulation study

4.1 Data and experimental setup

For the simulation study, we devise a simple synthetic data generating process (DGP). Decision-
makers are assumed to be utility maximisers and to evaluate alternatives based on the utility
specification U,; = X,,;jB,, + €uj. Here, n € {1, ..., N} indexes decision-makers, ¢ € {1,...,T}
indexes choice occasions, and j € {l,...,5} indexes alternatives. X,,; is a row-vector of

attributes drawn from a standard uniform distribution. €, is a stochastic disturbance sampled
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from Gumbel(0, 1). The DGP of the observation-specific taste parameters 8, is as follows:

18, X ~N(&, Ep),n=1,...,N, (18)
Bl Ew ~ N, Ey)n=1,...,N,t=1,...,T,. (19)

The assumed values of £, X5 and Xy are enumerated in Appendix D. The scale of the population-
level parameters is set such that the error rate is approximately 50%, i.e. in 50% of the cases
decision-makers deviate from the deterministically-best alternative due to the stochastic utility
component. We set N = 1,000 and allow T to take a value in {20, 40}. For each combination of
N and T', we consider ten replications, whereby the data for each replication are generated based

on a different random seed.

4.2 Accuracy assessment

We evaluate the performance of the considered estimation approaches in terms of their predictive

accuracy, as is common in the context of Bayesian estimation of discrete choice models (see

scenarios. In the first scenario, we predict choice probabilities for a new set of individuals, i.e.
we predict between individuals. In the second scenario, we predict choice probabilities for new

choice sets for individual who are already in the sample, i.e. we predict within individuals. For

follows:

1. To evaluate the between-individual predictive accuracy, we compute TVD for a validation
sample, which we generate along with each training sample. Each validation sample
is based on the same DGP as its respective training sample, whereby the number of
decision-makers is set to 25 and the number of observations per decision-maker is set to
one. The true predictive choice distribution for a choice set C,, with attributes X, from
the validation sample is given by

Pirue(y, | X5) = f ( f Py = JIXo0 BV f Bl Ew)dB) f(ulg, Zp)dp (20)
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The corresponding estimated predictive choice distribution is

POLIX:.y) = f f f ( f ( f P(thlX,’Zpﬁ)f(ﬁlu,Ew)dﬁ)f(,u,EB)d/J)P(K,EB,Zwly)dédEBdEw

(21)

TVDg is given by

TVD; = — Z |Puac oy = 11X;,) = PO, = X5, )] (22)
jecnt

For succinctness, we calculate averages across decision-makers and choice sets.

2. To evaluate the within-individual predictive accuracy, we compute TVD for another
validation sample, which we generate along with each training sample. For 25 individuals
from the training sample, we generate one additional choice set. Then, the true predictive
choice distribution for a choice set C,, with attributes X, from the validation sample is

given by

P IX1) = f PO, = X, B f Bl Ew)dB 23)

The corresponding estimated predictive choice distribution is

oixin= [ [ ( [ POLIX BB ZurdB) Pl vl 2w 24)
TVDy is given by
TVDy = ~ Z|Pmm(ym X5 = PO, = X, p)|. (25)
Jecm

Again, we calculate averages across decision-makers and choice sets for succinctness.

4.3 Implementation details

We implement the MCMC and VB methods by writing our own Python code and make an effort
that the implementations of the different estimators are as similar as possible to allow for fair
comparisons of estimation times. For MCMC, the sampler is executed with two parallel Markov
chains and 200,000 iterations for each chain, whereby the initial 100,000 iterations of each chain

are discarded for burn-in. After burn-in, every tenth draws is retained to reduce the amount of
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define ¥ = [a/T {7 diag(@)" dT]T and let 9" denote the ith element of & at iteration 7. We

10—\
< 0.005. As

6™ can fluctuate, 9 is substituted by its average over the last five iterations. The simulation

terminate the iterative coordinate ascent algorithm, when 6 = arg max;

experiments are conducted on the Katana high performance computing cluster at the Faculty of
Science, UNSW Australia.

4.4 Results

Table 1 enumerates the results for the simulation study. We report the means and standard
errors of the considered performance metrics for ten replications under different combinations
of sample size N = 1,000 and choice occasions per decision-maker 7 € {20,40}. In both
experimental conditions, VB is approximately twice as fast as MCMC but noticeably less
accurate. In the case of between-individual prediction, TVD is approximately ten times larger
for VB than for MCMC. A possible explanation for this discrepancy is the poor recovery of
the covariance (Xp) of the individual-specific parameters, which is a consequence of the overly
simplistic mean-field assumption. The discrepancy in predictive accuracy between VB and
MCMC is less strongly pronounced for the case of within-individual prediction, which suggests

that the within-individual covariance matrix (Xy) is recovered reasonably well by VB.

Estimation time TVDg [10%] TVDw [10%]

Mean Std. err. Mean Std. err. Mean Std. err.

N =1000; T =20

MCMC 3049.2 41.2 0.0198  0.0017 0.2028  0.0057

VB 1526.2 14.9 0.1977  0.0061 0.3203  0.0082
N =1000; T =40

MCMC 5649.5 93.5 0.0182  0.0020 0.1735  0.0047

VB 3199.2 25.7 0.1458  0.0028 0.2543  0.0076

Note: TVDg: total variation distance for between-individual prediction.

TVDy: total variation distance for within-individual prediction.

Table 1: Results of the simulation study

10
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5 Conclusion

Motivated by recent advances in scalable Bayesian inference for mixed logit models, this current
paper derives a mean-field variational Bayes method for the estimation of mixed logit models
with unobserved inter- and intra-individual heterogeneity. In a simulation study, we benchmark
the performance of the proposed method against MCMC and provide a proof-of-concept of the
feasibility of the proposed VB method. We show that VB is substantially faster than MCMC
but also find that VB is noticeably less accurate than MCMC. A possible explanation for this

discrepancy in predictive accuracy is that the mean-field assumption of VB is too simplistic.

There are several directions in which future research may build on the work presented in the
current paper. First, the quality of the variational approximation should be improved by increas-
ing the tightness of the variational lower bound. One possible way to achieve this is to inject

structure into the formulation of the variational distribution and to recognise that the model

show how VB can be applied to streaming data.
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A Gibbs sampler

1. Update agy for all k € {1, ..., K} by sampling ag; ~ Gamma(v‘*z”(, A% + vp (E[gl)kk)
Bk
Update L by sampling £ ~ IW (v + N + K — 1, 2vpdiag(ag) + Yo, (1, — O, - {)7)

vw+K

Update ayy for all k € {1, ..., K} by sampling ay; ~ Gamma(T, AZL +vw (E;Vl)kk)
Wk

el

Update Xy by sampling
Ly ~IW (VW + Ziz\/:l T,+K-1, 2VWdiag(aW) + Zﬁz\/:l Z;T:nl(ﬂm‘ - Iln)(ﬁnt - ”n)T)
5. Update ¢ by sampling & ~ N(u, Xy), where
— — -1 —— —
L= (Eo1 + NZBI) and p, = Xy (501‘50 + 25 Yy ﬂn)
-1

6. Update u, foralln € {1,..., N} by sampling u,, ~ N(u, , X, ), where X, = (Z;l + T,,):;Vl)

and My, = Zﬂn (Zglg + Z;VI ZtT:nl m‘)
7. Update B, foralln € {1,...,Nyandr € {1,...,T,}:

a) Propose B,, = B, + vpchol(Xy)n, where 7 ~ N(0, I).
P(ylentant)¢(Bm|I1n»ZW)
P(ynllxnl!ﬂnz)¢(ﬂnt|ﬂn72W) ’

¢) Draw u ~ Uniform(0, 1). If r < u, accept the proposal. If r > u, reject the proposal.

b) Compute r =

B E-LSE

We take a second-order Taylor series expansion of g,, = {ln ke, EXP( X, m)} around p1, :

1
8B = 8ulpg, ) + V&ulptg B, — pg 1+ E[ﬂm - ﬂﬂm]TVZgnt(ﬂﬁm)[ﬁm —Hg, ] (26)

Then,

1
Eylgu(Bo)} 8ty + 51w (V8ulitg, )p,)

1 )
~In ) exp(Xoup ) + 5t (X7, (diag(Po) = PuoPro) Xa) s, )

keCy

(27)

0o _  exp(Xujug ) _ { 0 } . 0
where p,, . = '% P Kot ) and p,.o = {Ppm mec,, 152 column-stacked vector of all p,,, in C,.

keCpy
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C Optimal densities of conjugate variational factors
C.1 g*(apy) and g (awx)

« 1
q (apy) < expB_g,, {ln P(GBJJS, ATJ + In P(Xp|wg, BB)}
Bk

apgry W 1 _
o expE_,, {(s ~ Dlnag - A% +—"InBpy — By (zBl)kk}

Bk 2 2 (28)
vp+ K 1 _
oc exp {( >~ l)ln api — [IE +vBE_ 4y, {(ZBl)kk}) aB,k}
oc Gammal(cp, dpy),
where cg = VB;K and dB,k = A+B,k + VBE—aB,k {(El_gl)kk} Furthermore, we note that Ea&k = %.
q"(awy) can be derived in the same way. We have g*(aw;) o« Gamma(cw, dwy) with cy = #
and dy; = A+w + VB gy, {(E;Vl)kk}. Moreover, Eayy = 7.
C.2 4"(¥p) and ¢"(Xy)
N
q'(Zp) < expEy, {m P(Eslwp, Bs) + ) In P, ¢, 23)}
n=1
ws+ K +1 1 N 1 <& )
o expE_y, {_T In[Xg| - Etr (BBZBI) ) In|Xg| - 5 HZ:]:(ﬂn IR AT f)}
N+K+1 1 y
= exp - T sl - S| B By, (Bt Y~ Oy~ )T
2 2 o
o IW(WB’ G)B)’
(29)

where wg = v+ N + K — 1 and @ = 2vpdiag (;—‘;) + N+ 3N, (Z‘.,,n + (1, — ), - /,lg)T).
We use E (p,u,) = p, pr, +X, and E I E [Jgﬂz + X;. Furthermore, we note that E{X}'} =
wB@)jg1 and E{In|X3|} = In|@p| + C, where C is a constant. ¢*(Xy) can be derived in the
same way. We have ¢"(Zy) o« IW(wy, @) with wy = vy + S¥ T, + K — 1 and Oy =
2vydiag (2—”;) + YN TR, + XN, S (Zﬁm + (g —p, g — ,uﬂn)T). Moreover, E{(X;/'} =
WWG)Q} and E{In|Xy|} = In|®y| + C, where C is a constant.

15
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C3 ¢

N
q'() < expE-; {m P({I€, Bo) + ) In P(u, ¢, 23)}

n=1

1
o expE.¢ {—54“- {+ETE G - SO Z s un}

Ocexp{_%(; (25" + NE {Z5'}) ¢ - 20 [:61§0+E-{{251}i]5_4ﬂn))}

n=1

(30)

o Normal(yg, X,

where X, = (Eal + NE_; {Zl}]})_l and p, = Xf (E{,lfo +E_, {Z;‘} >N E_g,un). Furthermore,
we note that E{ = 1, and By, = p, .

C.4 q" (1)

T)l
¢'(u,)  expE_, {m P(u,1¢.25) + Y In P8, Ew>}
t=1
1 T
o< exp E—ﬂn { E TZ M, + ﬂnz { - Z;Vll“ln + Z”;Z;V]ﬁnt}
1=

o CXp {_% ( " (E—un {21_31} +T,E_,, {Z;Vl })ﬂn - 2u, (E—un {EE] } By {8} + E—u Z Ep.B mD}

o Normal(yﬂn, X))
(31)

where 5, = (B, (£5') + T.E.,, (£3)) " andp, =X, (B, (25') B (¢) + oy (20 27 B Ba)
Furthermore, we note that By, = p, and EB,, = g .

We consider relevant terms of In P(y,.y, #), which remain non-zero after differentiation:

(32)

1 -
FBu) = =5 By = 1) E) By = 1)+ D Y XuaiBy +1n

Jj€Cns

D exp(Xouf,)

keChpy
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w _ w _ w _
Byl £ B} = = 5y, = 1) OV (g, — ) = —tr(Zg, O)) = —Ttr(Z,, ©y)

(33)
+ Z ynthnthJﬁm + Eq {lll Z eXp(Xntkﬂm)}

JECu keCyy

where E, {ln 2ukec,, €Xp(X ,,,kﬁm)} is obtained using the delta method (see Sectioniﬁi). The required
gradients are:

OEAf(B,)} -
9 —WW@)Wl (ﬂﬁm - I«l,,n) + X;;rt(ym - pnt())

O, | (34)
+ X;t(diag(pmo) - pntopr-ll—IO)(XmEﬁle;rtme - Ediag(anEﬁerTt))

IEAf(B,)} 1 _ .
c?\;ITZ,;;) = —vec (wwOy + X7, (diag(p,i0) = PuoPro) Xu) (35)

D True population parameters for the simulation study

[r]1.0 0.8 0.8 0.8
08 1.0 08 0.8
0.8 0.8 1.0 08|
08 08 08 1.0

.
{=[-14 08 10 15].z=
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